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Using the ADM formulation of the Einstein-Maxwell axion-dilaton gravity we derived the for-
mulas for the variation of mass and other asymptotic conserved quantities in the theory under
consideration. Generalizing this kind of reasoning to the initial data for the manifold with an
interior boundary we got the generalized first law of black hole mechanics.
We consider an asymptotically flat solution to the Einstein-Maxwell axion-dilaton gravity de-
scribing a black hole with a Killing vector field timelike at infinity, the horizon of which comprises a
bifurcate Killing horizon with a bifurcate surface. Supposing that the Killing vector field is asymp-
totically orthogonal to the static hypersurface with boundary S and a compact interior, we find that
the solution is static in the exterior world, when the timelike vector field is normal to the horizon
and has vanishing electric and axion-electric fields on static slices.
I. INTRODUCTION
During the last years the discovery of new black hole solutions in theories with nonlinear matter fields (see only
a selected list of references [1]) prompted us to study topics related to the stationary problem of nonrotating black
holes as well as the subject of stationarity of these objects. Nowadays, the problems of black hole physics of the late
1960s and 1970s are reassessed, taking into consideration nonlinear matter models or general sigma models.
From the historical point of view the idea of a staticity theorem was proposed by Lichnerowicz [2] for the simple
case in which there was no black hole. He proved that case for a stationary perfect fluid that was everywhere locally
static in the sense that its flow vector was aligned with the Killing vector. The Killing vector itself would have the
staticity property of being hypersurface orthogonal.
The next extension of the research was attributed to Hawking [3]. His proof of staticity applied to the vacuum case.
He considered black holes that were nonrotating in the sense that the null generator of the horizon was aligned with
the Killing vector. Carter considered an extension of this problem to the case of electromagnetic fields and obtained
the desired result subject to a certain inequality between the norm of the Killing field and the electric potential [4,5].
By means of the Arnowitt-Deser-Misner (ADM) formalism, Sudarsky and Wald [6] considered an asymptotically
flat solution to Einstein-Yang-Mills (EYM) equations with a Killing vector field which was timelike at infinity. By
means of the notion of an asymptotically flat maximal slice with compact interior, they established that the solution
is static when it had a vanishing Yang-Mills electric field on the static hypersurfaces. If an asymptotically flat solution
possesses a black hole, then it is static when it has a vanishing electric field on the static hypersurface. They also
presented a new derivation of the mass formula and proved that every stationary solution is an extremum of the ADM
mass at fixed Yang-Mills electric charge. On the other hand, every stationary black hole solution is an extremum of
the ADM mass at fixed electric charge, canonical angular momentum, and horizon area. One should also mention
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the work of Sudarsky and Wald [7], in which they derived new integral mass formulas for stationary black holes in
EYM theory. Using the notion of maximal hypersurfaces [8] and combinig the mass formulae, they obtained the proof
that nonrotating Einstein-Maxwell (EM) black holes must be static and have a vanishing magnetic field on the static
slices.
The strong rigidity theorem [9], derived by Hawking, emphasizes that the event horizon of a stationary black hole
had to be a Killing horizon; i.e., there had to exist a Killing field χµ in the spacetime which was normal to the
horizon. If this field did not coincide with the stationary Killing field tµ, then it was shown that the spacetime had
to be axisymmetric as well as stationary. It follows that the black hole will be rotating; i.e., its angular velocity of
the horizon Ω will be nonzero (Ω is defined by the relation χµ = tµ +Ωφµ, where φµ is an axial Killing vector field)
and the Killing vector field kµ will be spacelike in the vicinity of the horizon. The black hole will be enclosed by
an ergoregion. On the other hand, if tµ coincides with χµ (so that the black hole is nonrotating) and tµ is globally
timelike outside the black hole, then one can show that the spacetime is static. The standard black hole uniqueness
theorem leaves an open question of the problem of the potential existence of additional stationary black hole solutions
of EM equations with a bifurcate horizon which are neither static nor axisymmetric. The situation was recuperated
by Wald [10]. He showed that any nonrotating black hole in EM theory, the ergoregion of which was disjoint from the
horizon had, to be static, even if the tµ was not initially presupposed to be globally timelike outside the black hole.
Chrus´ciel [11] reconsidered the problem of the strong rigidity theorem and gave the corrected version of the theorem
in which he excluded the previous assumption about maximal analytic extensions which were not unique.
The uniqueness theorems for black holes are closely related to the problem of staticity. However, the uniqueness
theorems are based on stronger assumptions than the strong rigidity theorem. Namely, in the nonrotating case one
requires staticity whereas in the rotating case the uniqueness theorem is established for circular spacetimes. The
foundations of the uniqueness theorems were laid by Israel [12,13] who established the uniqueness of the Schwarzshild
metric and its Reissner-Nordstro¨m generalization as static asymptotically flat solutions of the Einstein and EM
vacuum field equations. Then, Mu¨ller zum Hagen et al. [14] in their works were able to weaken Israel’s assumptions
concerning the topology and regularity of the two-surface V = −tµtµ = const. Robinson [15] generalized the theorem
of Israel concerning the uniqueness of the Schwarzschild black hole [12]. Finally, Bunting and Masood-ul-Alam [16]
excluded multiple black hole solutions, using the conformal transformation and the positive mass theorem [17]. Lately,
a generalization of the results to electrovacuum spacetimes was achieved [18].
The uniqueness results for rotating configurations, i.e., for stationary, axisymmetric black hole spacetimes were
obtained by Carter [19], completed by Hawking and Ellis [9] and the next works of Carter [4,5] and Robinson [20].
They were related to the vacuum case. Robinson also gained [21] a complicated indentity which enabled him to
expand Carter’s results to electrovac spacetimes.
A quite different approach to the problem under consideration was presented by Bunting [22] and Mazur [23].
Bunting’s approach was based on applying a general class of harmonic mappings between Riemannian manifolds
while Mazur’s was based on the observation that the Ernst equations describe nonlinear σ model on symmetric space.
A review of these new methods presented by Bunting and Mazur was given in Ref. [24].
A recent review which covers in detail various aspects of the uniqueness theorems for nonrotating and rotating
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black holes was provided by Heusler [25].
Heusler and Straumann in Ref. [27] considered the stationary EYM and Einstein dilaton theories. They showed
that the mass variation formula involves only global quantities and surface terms; their results hold for arbitrary gauge
groups and any structure of the Higgs field multiplets. In Ref. [26] the same authors studied the staticity conjecture
and circularity conditions for rotating black holes in EYM theories. It turned out that contrary to the Abelian case
staticity conjecture might not hold for non-Abelian gauge fields like the circularity theorem for these fields. Recently, it
has been shown [28] that in the non-Abelian case stationary balck hole spacetimes with vanishing angular momentum
need not to be static unless they have vanishing electric Yang-Mills charge. Heusler [29] demonstrated that any
selfcoupled, stationary scalar mapping (σ model) from a domain of strictly outer communication, with nonrotating
horizon, has to be static. He also proved no-hair conjecture for this model.
The mathematical rigor of the uniqueness theorems and related topics were subject to the review articles by
Chrus´ciel [30,31].
Presently it seems that the most promising candidates for a theory of quantum gravity are strings theories. Their
implications on the theory of gravity and on black holes are widely elucidated. In what follows, we will concentrate on
the Einstein-Maxwell axion-dilaton (EMAD) model, which is relevant to the bosonic sector of heterotic string theory.
Much work has been devoted to the so-called axion-dilaton gravity which is the truncation of N = 4, d = 4
supergravity with only one vector field Refs. [36] - [44].
Gal’tsov studied [45] axion-dilaton gravity interacting with p-U(1) vectors in four-dimensional spacetime admitting
a non-null Killing vector. A new set of supersymmetric stationary solutions of pure N = 4, d = 4 supergravity,
generalizing the Israel-Wilson-Perje´s solution of EM theory was presented by Bergshoeff, Kallosh and Ortin [34]. The
authors argued that one vector field is insufficient to generate all the interesting metrics.
Rogatko [37] derived the general Smarr formula and general variation formula for stationary axisymmetric black
holes in EMAD gravity. Heusler [46] pointed out that various self-gravitating field theories with massless scalars and
vector fields reduce to the σ models, effectively coupled to three-dimensional gravity. Using the coset structure to
construct conserved currents and closed two-forms, integrating the latter over a spacelike hypersurface, he provides
a generalized Smarr formula for stationary black holes with nonrotating Killing horizon, for both EM and EMAD
systems.
Using the canonical formalism for the theories with the matter content arising in string theory, Larsen and Wilczek
in Ref. [47] studied the problem of classical hair in string theory. They derived an effective theory for the hair in
terms of the horizon variables. It has turned out that the solution of the constraints expresses these variables in terms
of hair seeing by an observer at infinity.
Gibbons et al. [48] derived the first law of black hole termodynamics by means of the variation of moduli fields.
They have shown that the ADM mass is extremized at fixed area, angular momentum, and electric and magnetic
charges when the moduli fields took the fixed values depending on electric and magnetic charges. It follows from their
research that at least mass of any black hole with fixed conserved electric and magnetic charges is given by the mass
of the double-extreme black hole with these charges.
One should also mention the work of Creighton and Mann [49] in which they considered gravity coupled to various
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types of Abelian and non-Abelian gauge fields with three and four-form field strenghts. Using the quasilocal formalism
[50] they found the entropy for stationary black holes and derived the first law of black hole thermodynamics for black
holes with the gauge fields under consideration.
The problem of staticity in the theory under consideration was studied by Rogatko in Ref. [51]. Using the modified
Carter arguments it was proved that the condition of vanishing the asymptotic value of the quantity assembled by
means of SL(2, R) duals to the U(1) gauge fields and satisfying the inequality for the sum of potentials enabled to
satisfy the staticity conditions for fields and metric. This inequality should hold everywhere in the domain of outer
communication. However, this assumption has no physical justification. The big challange will be to eliminate the
aforementioned assumption from the considerations.
Our paper is organized as follows. In Sec.II, we present the canonical formalism for the EMAD gravity. Then, in
Sec.III we introduce the exact form of the canonical energy and angular momentum in the theory under consideration.
We will show that every stationary solution in EMAD gravity is an extremum of the ADM mass at fixed dilaton-electric
charge. We also derived the first law of the black holes dynamics and drew a conclusion that any stationary black
hole with a bifurcate Killing horizon is an extremum of the ADM mass at fixed dilaton-electric, canonical angular
momentum, and horizon area. In Sec.IV, we deal with the staticity problem for nonrotating black holes, finding the
conditions on which the solutions are static.
In our paper Greek indices will range from 0 to 3 and denote tensors on four-dimensional manifold. On the other
hand Latin indices range from 1 to 3 and denote tensors on a spatial hypersurface Σ. gαβ will be the metric of the
spacetime, while hab will live on a spatial hypersurface Σ. The corresponding covariant derivatives are denoted by
∇α and ∇a.
II. CANONICAL FORMALISM FOR EINSTEIN-MAXWELL-AXION-DILATON GRAVITY
The heterotic strings provides an interesting generalization of the EM theory in the so-called low energy limit. The
bosonic sector of the dimensionally reduced effective action for the string theory is obtained when we consider six of
ten dimensions which have been compactified [32–34]. A simplified model of this kind is an EMAD coupled system.
It contains a metric gµν , U(1) vector fields Aµ, a dilaton φ, and a three index antisymmetric tensor field Hαβγ . In
our work we will consider the action of the form [35]
I =
∫
d4x
√−g
[
R− 2(∇φ)2 − 1
3
e−4φHαβγH
αβγ − e−2φFαβFαβ
]
, (1)
where Fµν = 2∇[µAν] and Hαβγ stands for the three-index antisymmetric tensor field defined by
Hαβγ = ∇αBβγ −AαFβγ + cyclic. (2)
The equations of motion corresponding to the action (1) derived from the variational principle are given by
∇µ
(
e−2φFµα
)
+
1
2
e−4φHαβγFβγ = 0, (3)
∇µ
(
e−4φHµαβ
)
= 0, (4)
4
∇µ∇µφ+ 1
3
e−4φHαβγH
αβγ +
1
2
e−2φFαβF
αβ = 0. (5)
In this section, we consider the canonical formalism for the theory under consideration. The ADM formalism
considered four-geometry to consist of a foliation of three-geometries. Its main idea is that the geometry of the manifold
is described in terms of the intrinsic metric and the extrinsic curvature of a three-dimensional hypersurface, along
with the lapse function and the shift vector. The lapse and shift relate the intrinsic coordinate on one hypersurface
to the intrinsic coordinates on a nearby hypersurface. Spacetime is sliced into spacelike hypersurfaces with each
hypersurface labeled by a global time parameter (see, e.g., [52,53]).
Thus, the canonical formalism divide the metric into spatial and temporal parts, namely
ds2 = −(Ndt)2 + hab(dxa +Nadt)(dxb +N bdt), (6)
where general covariance implies the great arbitrarines in the choice of lapse and shift functions Nµ(N,Na).
In the canonical formulation of the EMAD theory the point in the phase space corresponds to the specification of
the fields (hab, π
ab, Aa, E
a, Bij , E
ij , φ, E) on a three-dimensional Σ manifold. Here hab is a Riemannian metric on Σ,
Aa is the U(1) gauge field on the three-dimensional manifold, Bij is a Kalb-Ramond antisymmetric tensor field and
φ is the dilaton field on Σ. The field momenta can be found by varying the Lagrangian with respect to ∇0hab, ∇0φ,
∇0Aa and ∇0Bij , where ∇0 denotes the derivative with respect to t-coordinate.
Performing the variations, one has that the momentum πab canonically conjugate to a Riemannian metric can be
expressed by means of the extrinsic curvature Kab of Σ hypersurface
πab =
√
h
(
Kab − habK) . (7)
The momenta canonically conjugate to the Kalb-Ramond tensor fields Bij and to the dilaton φ fields are given,
respectively, as
π
(H)
ij = 2e
−4φEij , (8)
π(φ) = 4E, (9)
where
Eij =
√
hHµijn
µ, (10)
E =
√
h∇µφnµ. (11)
nµ is the unit normal timelike vector to the hypersurface Σ in the spacetime. In what follows, for the brevity of
considerations, the quantity Eij will be called as axion-electric field and E as dilaton-electric field.
The momentum π
(A)
i canonically conjugate to the U(1) gauge fields Aa is equal to
π
(A)
i = 4e
−2φEi + 4e
−4φEijA
j , (12)
where the electric field Ei has the form
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Ei =
√
hFµin
µ. (13)
The Hamiltonian, defined by the Legendre transform, yields
H = πij∇0hij + π(φ)∇0φ+ πi(A)∇0Ai + πij(H)∇0Bij − LEMAD (14)
= NµCµ +A0A˜+Bj0B˜
j +Hdiv.
where Hdiv is the total derivative and has the form
Hdiv = ∇i(πi(A)A0)− 4∇i(e−4φBj0) + 2∇a
(
Nbπ
ab
√
h
)
. (15)
The gauge field A0 and Bj0 have no associated kinetic terms, so one can regard them as Lagrange multipliers. They
correspond to the generalized Gauss law: namely
0 = A˜ = 2e−4φFijE
ij −∇iπi(A), (16)
0 = B˜j = 4∇i
(
e−4φEij
)
. (17)
As in Refs. [6,54], in our considerations we will take into account the asymptotically flat initial data (sometimes
called the regular initial data);i.e., we assume that there is a region C ⊂ Σ diffeomorphic to R3 −B with B compact
and C such that the following conditions are satisfied at infinity
hab ≈ δab +O
(
1
r
)
, (18)
∇chab ≈ O
(
1
r2
)
, (19)
πab ≈ O
(
1
r2
)
, (20)
E ≈ O
(
1
r2
)
, (21)
φ ≈ O
(
1
r
)
, (22)
Ea ≈ O
(
1
r2
)
, (23)
Ab ≈ O
(
1
r
)
, (24)
Eij ≈ O
(
1
r3
)
, (25)
Bij ≈ O
(
1
r3
)
, (26)
where δab is a spatial metric on the hypersurface for which t = const. We also assume [54] the following conditions
for the lapse and shift functions at infinity:
N ≈ 1 +O
(
1
r
)
, (27)
Na ≈ O
(
1
r
)
. (28)
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The other requirements will be that k − th order derivatives of the above quantities fall off k power of r faster than
described by the above equations.
The EMAD gravity is a theory with constraints. On a hypersurface Σ, initial data are restricted to the case that
at each point x ∈ Σ, one has
0 = C0 =
√
h
[
−R(3) +
(
πabπ
ab − 1
2
π2
)(
1
h
)]
+ (29)
+
1√
h
(
2E2 + 2e−2φEiE
i + e−4φEijE
ij + 8e−4φEiE
ijAj
)
+
+ 2
√
h∇aφ∇aφ+
√
he−2φFabF
ab +
1
3
e−4φHijkH
ijk,
0 = Ca = −2
√
h∇b
(
πa
b
√
h
)
+ 4E∇aφ+ 2e−4φHaijEij + 4e−2φEiFai + 8E−4φFaiEijAj , (30)
0 = A˜ = 2e−4φFijE
ij −∇iπi(A), (31)
0 = B˜j = 4∇i
(
e−4φEij
)
. (32)
For the completeness of the constraints equations we write here one more time the generalized Gauss law, Eqs.(31)
and (32). The equations of motion, for the system under consideration, can be formally derived from a Hamiltonian
of the form
HV =
∫
Σ
dΣ
(
NµCµ +N
µAµA˜+N
µBjµB˜
j
)
. (33)
Here we have used the form of the Hamiltonian proposed in [6,10] in the case of EYM system and EM gravity.
A general variation of the initial data (δhab, δπ
ab, δφ, δE, δAa, δE
a, δBij , δE
ij) of a compact support, will cause a
variation in Hamiltonian. After performing integration, we reach to the formula
δHV =
∫
Σ
dΣ
(Pabδhab +Qabδπab +RaδAa + SaδEa + T ijδBij + UijδEij + Yδφ+ ZδE) , (34)
where Pab,Qab,Ra,Sa, T ab,Uab,Y,Z are given in the forms as follows
Pab =
√
hNaab +
√
h
(
hab∇i∇iN −∇a∇bN
)− LNiπab, (35)
Qab = (2πab − πhab) N√
h
+ LNihab, (36)
Ra = − 4
√
h∇i
(
e−2φNF ia
)− 2N√he−4φHaijFij + 4∇i
(√
hNe−4φHmiaAm
)
+ 8
N√
h
e−4φEiE
ia + (37)
− 4LNi(e−2φEa)− 4LNi(e−4φEaiAi)− 8(LNiAj)e−4φEaj ,
Sa = 4e−2φ
[
NEa√
h
+ 2
Ne−2φEajA
j
√
h
+∇a(NA0) + LNiAa
]
, (38)
T ij = −2∇a(N
√
he−4φHaij)− 2LNi(e−4φEij), (39)
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Uij = 2Ne
−4φ
√
h
(Eij + 4EiAj) + 2e
−4φ [2(LNiAi)Aj + LNiBij ]− 4e−4φ∇i(NBj0), (40)
Y = − 4∇a(NaE)− 4e
−5φNEijE
ij
√
h
− 2N
√
he−3φFabF
ab − 4e
−3φNEiE
i
√
h
+ (41)
− 4
3
e−5φN
√
hHijkH
ijk − 32e−5φNEiEijAj
√
h+
− 8 (e−3φEiLNiAi + e−5φEijLNiBij + e−3φEi∇i(NA0))+
+ 16
(
e−5φEij∇i(NBj0) + e−5φEijAjLNiAi
)
,
Z = 4
(
NE√
h
+ LNiφ
)
. (42)
In Eq.(35) the form of aab is given as follows
aab =
1
h
[(
2πajπ
bj − ππab)− 1
2
hab
(
πijπ
ij − 1
2
π2
)]
+
(
Rab − 1
2
habR
)
− E
2hab
h
(43)
+
2e−4φ
h
(
EajEj
b − 1
4
habEijE
ij
)
+
2e−2φ
h
(
EaEb − 1
2
habEiE
i
)
+
+
4e−4φ
h
(
2EaEbjAj − 2EiEiaAb − habEiEijAj
)
+
+
(∇iφ∇iφhab − 2∇aφ∇bφ)+ 2e−2φ
(
F ajFj
b +
1
4
habFijF
ij
)
+ e−4φ
(
−HaijHij b + 1
6
habHijkH
ijk
)
.
In Eqs.(35)-(42) the symbol LNi stands for the Lie derivative taken on the hypersurface Σ, with respect to the
vector field N i. The Lie derivative of hab, Ai, Bij and φ are the ordinary Lie derivatives, while the Lie derivative of
Ea, Eij , E
ijAj , π
ab are understood as the Lie derivatives of the adequate tensor densities.
The evolution equations for the EMAD system can be obtained from Eq.(34), by means of the Hamiltonian’s
principle, taking variations of compact support of the hypersurface Σ. Then, one establishes
π˙ab = −Pab, (44)
h˙ab = Qab, (45)
π˙(A)a = −Ra, (46)
A˙a = Sa, (47)
π˙(H)ij = −T ij , (48)
B˙ij = Uij , (49)
π˙(φ) = −Y, (50)
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φ˙ = Z. (51)
As was pointed by Regge and Teitelboim [54,55], Eq.(34) depicts rather the volume contribution to the Hamiltonian
and when one considers the perturbation to the HamiltonianHV satysfying asymptotic boundary conditions at infinity,
the nonvanishing surface terms arise due to integration by parts, in order to put δHV in the form of Eq.(33). These
surface terms can be excluded by adding the additional surface terms [54]. The result may be written as
H = HV +
∫
S∞
dSi
[
N
(∇ahai −∇ihmm)+ 2N bπib√
h
+ 4e−4φNaAaE
ijAj + (52)
+ 4e−2φ (NA0 +N
aAa)E
i − 4e−4φ (NBj0 +NaBja)Eij
]
.
A direct calculation can visualize that for all asymptotically flat perturbations and for Nµ, A0, Bj0 satysfying adequate
asymptotic conditions at infinity, one arrives at
δH =
∫
Σ
dΣ
(Pabδhab +Qabδπab +RaδAa + SaδEa + T ijδBij + UijδEij + Yδφ+ ZδE) . (53)
III. EXTREMA OF MASS AND FIRST LAW OF BLACK HOLES MECHANICS
One can define [6] the canonical energy on the constraint submanifold of the phase space as the Hamiltonian function
corresponding to the case when Nµ is an asymptotical translation at infinity (i.e., N → 1, Na → 0). From Eq.(52),
one obtains
E = m+ E(φ−F ) + E(φ−B), (54)
where m is the ADM mass, defined as
m =
1
16π
∫
S∞
dSa
(∇bhab −∇ahbb) , (55)
The quantities E(φ−F ) and E(φ−B) are equal to
E(φ−B) = 1
4π
∫
S∞
dSie
−4φB0jE
ij , (56)
E(φ−F ) = 1
4π
∫
S∞
dSie
−2φA0E
i. (57)
In the stationary case, A0 is uniquely determined up to a time-independent gauge transformation, by the condition
A˙a = 0 and π˙
(A)i = 0 for all time when Nµ is taken to be stationary Killing field. One can show [56], that these
conditions lead to the relation
E(φ−F ) = V(F )Q(φ−F ), (58)
where V(F ) = (A0A0)
1
2 and
Q(φ−F ) = ± 1
4π
∫
S∞
e−2φ | Eara | dS, (59)
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ra is the unit radial vector in the metric δab. By analogy with the notion of the Yang-Mills charge [56], we will call
expression (59) as a dilaton-electric charge.
In the case of the quantity E(φ−B) the situation is similar. A time-independent gauge transformation yields that
B˙ij = 0, π˙
(H)ij = 0. Taking into account Eq.(40) one can show that contracting Eq.(48) with Bj0, we reach to the
condition of the asymptotical constancy of the magnitude of Bj0
V(B) = lim
r→∞
(Bj0Bj0)
1
2 . (60)
In addition considering the condition π˙(H)ij = 0, having in mind the asymptotical behavior of Ai, Bij , Ei, Eij , one
concludes that
E(φ−B) = V(B)Q(φ−B), (61)
where
Q(φ−B) = ± 1
4π
∫
S∞
e−4φ | Eijrirj | dS. (62)
Using the definition of Eij , Eq.(10), we see that because of the skew symmetricity of Eij , expression (62) is equal to
zero.
We choose Nµ to be the stationary Killing vector field and select A0 and Bj0 in a manner that, Aa, Ei, Bij , Eij , φ, E
are time independent. This choice makes the right-hand side of Eq.(53) vanish. Having in mind expressions (54), (56)
and (57) we reach to the results which in some aspects generalize the theorem revealed by Sudarsky and Wald [6] in
the case of EYM gravity, to the case of EMAD gravity.
Theorem
Consider (hab, π
ab, Aa, E
a, Bij , E
ij , φ, E) to be smooth data for a stationary asymptotical flat solution of the EMAD
gravity. The initial data hypersurface Σ has only one asymptotic region and has no interior boundary. Moreover, con-
sider (δhab, δπ
ab, δAa, δE
a, δBij , δE
ij , δφ, δE) to be an arbitrary smooth asymptotically flat solution of the linearized
constraint equations. Then, the following is satisfied:
0 = δE = δm+ V(F )δQ(φ−F ). (63)
From Eq.(63) we see that every stationary solution to EMAD gravity is an extremum of the ADM mass at fixed
dilaton-electric charge described by Eq.(59).
In the same way, one can define the canonical angular momentum J on the constraint submanifold of the phase
space to be the Hamiltonian function corresponding to the case where Nµ is an asymptotic rotation at infinity (i.e.
N → 0, Na → φa)
J = − 1
16π
∫
S∞
dSi
(
2φbπib + 4e
−2φφaAaE
i + 4e−4φφaBajE
ij + 4e−4φφaAaE
ijAj
)
. (64)
Converting the surface integral in Eq.(64) and using the constraint equation (30), one gets
J = − 1
16π
∫
Σ
dΣ
(
4ELφiφ+ πabLφihab + 4e−2φEiLφiAi + 2e−4φEijLφiBij + 4e−4φEijAjLφiAi
)
. (65)
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The integral over the hypersurface Σ disappear becuse of the fact that the axial Killing field φµ is equal to its tangential
projection. Thus, in the case when Σ is a three-dimensional manifold without boundary J = 0, for any axisymmetric
solution.
Now, let us consider the case when Σ has an asymptotic region and a smooth interior boundary S. As in Ref. [6],
we will be mostly interested when Nµ asymptotically reaches a linear combination of a time translation and rotation
at infinity (i.e. N → 1, Na → Ωφa, φa is an axial Killing field, Ω is a constant). One readily finds
16π
(
δE − ΩδJ ) =
∫
Σ
dΣ
(Pabδhab +Qabδπab +RaδAa + SaδEa + T ijδBij + UijδEij + Yδφ+ ZδE) (66)
+ δ(surface terms).
We choose the hypersurface Σ to be an asymptotically flat one which intersects the bifurcation sphere S of the
stationary black hole. Then, we set Nµ = χµ = tµ +Ωφµ and select A0 and Bj0 so that A˙a = E˙i = B˙ij = E˙ij = φ˙ =
E˙ = 0. By means of Eqs.(44)-(51) the first integral on the right-hand side of Eq.(66) vanishes. All but one surface
terms will also be equal to zero because of the fact that Nµ = 0 on S. The nonzero term [6] is given as follows:∫
S
dSa∇bNδhcd(hachbd − habhcd) = 2κδA, (67)
where κ is the surface gravity, constant over S, A is the area of S. Having in mind (66) and (63) we reach to the
conclusion.
Theorem
Let (hab, π
ab, Aa, E
a, Bij , E
ij , φ, E) on a hypersurface be smooth asymptotically flat initial data for a stationary black
hole with bifurcation sphere lying on Σ. Moreover, let (δhab, δπ
ab, δAa, δE
a, δBij , δE
ij , δφ, δE) be an arbitrary smooth
asymptotically flat solution of the linearized constraint equations. Then, the following is satisfied:
δE = δm+ V(F )δQ(φ−F ) − ΩδJ =
1
8π
κδA. (68)
Equation (68) constitutes the extension of the first law of black hole mechanics to the case of EMAD theory. For
the EYM case this law was derived by Sudarsky and Wald [6]. As was stated this derivation is true for arbitrary
asymptotical flat perturbations of a stationary black hole not merely for perturbations to other stationary black holes
as was done in the original derivation provided by Bardeen, Carter and Hawking [57].
In Ref. [48], Gibbons et al. considered the thermodynamical properties of black holes in the string theory. It turned
out that, these properties are conditioned on the values of certain massless scalar fields (referred to as moduli fields)
at spatial infinity. The authors stated that, for black holes in the string theory the dependence on the scalar charge
would not vanish in the general case. However, when moduli fields at spatial infinity are chosen to extremize the ADM
mass at fixed entropy, angular momentum and conserved electric and magnetic charges, this dependence vanishes.
Despite the extra term in the first law of black holes mechanics, the integrated version of it (the Smarr formula) is
lack of the dependence on the scalar charge.
The EMAD gravity theory can be understand as an SL(2, R) sigma model coupled to a vector field and gravity, so
one can verify our results invoking attitude presented in Ref. [48]. Namely, from Eq.(68) we can conclude that any
stationary black hole solution to the EMAD gravity, with bifurcate Killing horizon is an extremum of the ADM mass
at fixed dilaton-electric charge, canonical angular momentum and horizon area.
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In order to check this assertion one ought to consider a simple example of a stationary black hole in the theory
under consideration. We postpone this problem to consider in a separate publication elsewhere.
Now, we focuse our attention on the problem if the converse results to Eqs.(63) and (68) hold. Namely, whether
the initial data for a stationary solution which are an extremum of the ADM mass m at fixed Q(φ−F ) are necessary
ones and if the initial data which are the extremum of m at fixed Q(φ−F ), angular momentum and the horizon area
are obligatory initial data for a stationary black hole solution. In EYM gravity this problem was widely elaborated
by Sudarsky and Wald [6]. We will follow this line of reasoning in the direction of proving the converse theorems.
Of course, one should be aware that the argumentation is not the complete proof of the conversed theorem and
generalization to the asymptotically flat EMAD case should be provided, giving necessary and sufficient conditions
for solving the adequate equations for perturbations on a compact support.
Consider any EMAD initial data satysfying the EMAD constraint Eqs. (29)-(32). Suppose, that we have smooth
perturbed initial data satisfying the linearized EMAD constraints in the neighborhood of infinity satisfying δ˜Q(φ−F ) =
0, δ˜m 6= 0. One has to solve the following relations:
δCµ = Sµ, (69)
δCi = Si, (70)
δC = S, (71)
where Sµ = −δ˜Cµ, Si = −δ˜Ci, S = −δ˜C. Perturbations (δhab, δπab, δAa, δEa, δBij , δEij , δφ, δE) fall off sufficiently
rapidly at infinity, that the relations δm = δQ(φ−F ) = 0 are satisfied.
We will generalize the arguments provided by Fisher and Marsden [58], who studied the linear stability, in the
vacuum case, of compact ( without boundary ) Cauchy hypersurface Σ. They proved that an equation of the form of
Eq.(69) can be solved for a given smooth source Sµ iff Sµ is orthogonal to the kernel of the L
2 adjoint operator A†,
of the form A(δhab, δπab) = δCµ.
In our case, the left-hand sides of Eqs.(69)-(71) defined the operator B which mapped perturbations of EMAD
initial data into covariant vector, scalar fields on the hypersurface Σ. In order to find to find the adjoint operator B†
we multiply Eq.(69) by Mµ, Eq.(70) by ai and Eq.(71) by a, and integrate over hypersurface Σ. We remark that the
equation
δHV =
∫
Σ
dΣ
(
NµδCµ +N
µAµδA˜+N
µBjµδB˜
j
)
, (72)
effectively computes the adjoint operator B† and Eqs. (44)-(51) show thatMµ lies in the kernel of the adjoint operator
if Mµ is a Killing vector field for the background initial data and
A˙a = LMµAa = 0, (73)
E˙a = LMµEa = 0,
B˙ij = LMµBij = 0,
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E˙ij = LMµEij = 0,
φ˙ = LMµφ = 0,
E˙ = LMµE = 0,
in a guage where the following is satisfied
MµAµ = a, (74)
MµBjµ = aj .
By the analogy with the vacuum case, we conjecture that Eqs. (69)-(71) can be solved if there do not exist (Mµ, aj , a)
satysfying asymptotical conditions, where Mµ is a Killing vector field for the background spacetime and Eqs.(73)
and (74) are satisfied. Then, a necessary condition for an extremum of mass at fixed charges is that the background
EMAD initial data correspond to a stationary solution.
On the other hand, when we take into consideration the case with the boundary S, one should begin with
the perturbations (δ˜hab, δ˜π
ab, δ˜Aa, δ˜E
a, δ˜Bij , δ˜E
ij , δ˜φ, δ˜E) satisfying the constraints near infinity and also satisfy-
ing δ˜Q(φ−F ) = δ˜J = δ˜A = 0 and δ˜m 6= 0. Once more, we should solve Eqs. (69)-(71) with the additional conditions
that δQ(φ−F ) = δJ = δA = 0. As in the previous case the background spacetime must admit a Killing field Mµ and
aj , a satisfying Eqs.(73)-(74). In order to have no surface terms, the requirement revealed from the condition δJ = 0,
is that Ma → φa, M0 → const, aj → const and a→ const at infinity. The requirement that Mµ = 0 at S and ∇aM0
has a constant magnitude on S assures us that no surface terms will be generated at S. As was pointed in Ref. [6],
the fact that the Killing vector field Mµ vanishes at S caused that the null geodesics orthogonal to the surface S
generate a bifurcate horizon.
The nonexistence of the triple (Mµ, aj, a) fulfilling the discussed asymptotic conditions at infinity and boundary
conditions at the surface S, is obligatory to solve Eqs. (69)-(71) with arbitrary smooth source terms of compact
support for δJ = δQ(φ−F ) = δm = δA = 0. Then, the converse theorem to the theorem (68) takes place; namely in
order for EMAD initial data to be an extremum of mass at fixed dilaton-electric charge, canonical momentum and
horizon area, the initial data have to coincide with a stationary black hole with a bifurcation surface and a bifurcate
Killing horizon.
IV. THE MASS FORMULAS AND THE STATICITY PROBLEM FOR NONROTATING BLACK HOLES
IN EINSTEIN-MAXWELL AXION-DILATON GRAVITY
Following the attitude presented by Sudarsky and Wald [7], we will deal in this section with the problem of finding
the conditions for nonrotating EMAD black holes to be static.
In EYM gravity Sudarsky and Wald [6] were able to give the proof of staticity theorem for nonrotating black holes
which with no additional inequalities as was achieved in the first proof provided by Carter [4,5]. Now, we will try to
find the simillar way of getting rid of the additional assumption in the staticity theorem.
We will consider the spacetime of a stationary black hole with bifurcate Killing horizon. This kind of black holes
possesses a Killing vector field tµ, which becomes a time translation in the asymptotic region and a Killing vector
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field χµ. The vector field χµ vanishes on the bifurcation sphere. If χµ does not coincide with the tµ field, then the
spacetime has an axial Killing field, φµ fulfilling the relation χµ = tµ+Ωφµ, where Ω is constant known as the angular
velocity.
Chrus´ciel and Wald [8] proved that any stationary black hole with bifurcate Killing horizon admits an asymptotically
flat maximal hypersurface which is asymptotically orthogonal to tµ and its boundary is the bifurcation surface S, of
the horizon. In what follows, one will take into account the hypersurface Σ to be such a maximal hypersurface.
Considering the initial data which are induced on Σ and choosing the lapse and shift function to coincide with a
Killing field in the spacetime, the Eqs.(44)-(51) have their right-hand sides equal to zero. Then, contracting Eq.(44)
we reach to the expression
∇i∇iN = ρN, (75)
where ρ is the non-negative quantity in the form as follows
ρ =
1
h
πabπ
ab +
2E2
h
+
e−2φEiE
i
h
+
8e−4φEiE
ijAj
h
+
2e−4φEijE
ij
h
+
1
2
e−2φFabF
ab +
1
3
e−4φHijkH
ijk, (76)
Next we use the lapse function in the form defined by λ = −nαtα, where tµ is the stationary Killing vector field. The
boundary conditions for the lapse function are λ|S = 0, λ|∞ = 1. Integrating Eq.(75) over Σ, taking into account that
the surface integral over S∞ is 4πM and the surface integral over S is equal to κA, one can reach to the mass formula
in EMAD gravity, namely,
4πM − κA =
∫
Σ
dΣλρ. (77)
To proceed further, we take into account mass formula obtained by Bardeen, Carter and Hawking [57]
M − κA− 2ΩJH = 2
∫
Σ
dΣ
(
Tµν − 1
2
Tgµν
)
tµnν , (78)
where JH is the angular momentum of the black hole, defined [53] in the standard way by JH =
1
16pi
∫
S
ǫαβγδ∇γφδ.
In EMAD the explicit form of Eq.(78) is
M − κA− 2ΩJH = 2
∫
Σ
dΣ
[
4λE2
h
+ 4tm∇mφ E√
h
+ e−2φ
(
2λEaE
a
h
+ 4tmFmd
Ed√
h
+ λFabF
ab
)
+ (79)
+ 2e−4φ
(
tmHmij
Eij√
h
+
2
3
λEijE
ij
h
+
1
3
λHijkH
ijk
)]
As in Ref. [7], one can show that using the definition of J∞ and changing the surface integral into a volume integral
over the hypersurface Σ, taking into account the constraint, Eq. (30), and the fact that the integral over Σ in the
definition of J∞ vanishes because of the fact that the axial Killing field φµ is equal to its tangential projection φi,
one gets that
J∞ = JH . (80)
Recalling that the first term in equation for JH is equal to JH [7] and computing the other terms, having in mind
that on S vectors ta and φa coincide up to the constant Ω as the result of vanishing χa on S, one readily finds
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4π(JH − J∞)Ω = −
∫
S
dSi√
h
(
tmAme
−2φEi + tmBmje
−4φEij + tmAme
−4φEijAj
)
. (81)
Now, we change the surface integral into the volume one and we take into consideration the asymptotic behavior of
Ai, E
i, Bij , E
ij at infinity. One can draw a conclusion that there will be no contribution from the boundary at infinity.
Thus, from equation (81) we arrive at the following relation:
4π(JH − J∞)Ω =
∫
Σ
dΣ
[
tmFime
−2φEi + e−2φEaLtiAa + e−4φ
(
1
2
EabLtiBab + EcdAdLtiAc
)
+ (82)
− 1
2
tme−4φHmijE
ij
]
.
We use Eqs.(47) and (49), B˙ij = 0 and A˙i = 0, for the explicit form of LNiBij and LNiAb. Of course, there will be
no contribution from the surface integrals over S, because of the boundary conditions for the lapse function λ. Then,
we get
4π(JH − J∞)Ω =
∫
Σ
dΣ
[
− λe
−2φEaE
a
√
h
− 4λe
−4φEiE
ijAj√
h
− λe
−4φEabE
ab
√
h
+ (83)
+ tm
(
Fime
−2φEi − 1
2
e−4φHmijE
ij
)]
+
−
∫
S∞
dSi λA0e
−2φEi −
∫
S∞
dSi λB0je
−4φEij .
Eliminating, from relation (83), JH by means of Eq.(79)
4πM − κA+ 8πV(F )Q(φ−F ) + 8πΩJ∞ = (84)
=
∫
Σ
dΣ λ
(
1
2
e−2φFabF
ab +
1
3
e−4φHijkH
ijk − e
−2φEaE
a
h
− 8e
−4φEiE
ijAj
h
− 2e
−4φEijE
ij
h
)
.
Taking into considerations Eqs.(84), (76) and (77), one can conclude
8π
(
ΩJ∞ − V(F )Q(φ−F )
)
= (85)
=
∫
Σ
dΣ λ
(
πabπ
ab
h
+ 2
e−2φEaE
a
h
+ 4
e−4φEijE
ij
h
+ 16
e−4φEiE
ijAj
h
)
.
Theorem 4.2 in Ref. [8] states that the exterior region of the black hole can be foliated by maximal hypersurfaces with
boundary S which are asymptotically orthogonal to the timelike Killing vector field tµ, if the strong energy condition
RµνZ
µZν ≥ 0 for all timelike vectors Zµ is fulfilled. By the direct calculation, one can check that this is the case in
EMAD gravity. Taking the above, one can reach to the main result of this section, namely, the following.
Theorem
Consider an asymptotically flat solution to EMAD gravity which has a Killing vector field which is timelike at infinity,
describing a stationary black hole comprising a bifurcate Killing horizon with a bifurcation surface S. Suppose,
moreover, that the following is satisfied:
ΩJ∞ − V(F )Q(φ−F ) = 0.
Then, the solution is static and has vanishing Ei and Eij on the static hypersurfaces.
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We remark that, in the above formulation of the staticity theorem for non-rotating black holes in EMAD gravity,
we managed to get rid of the additional assumption used in the previous proof of the staticity theorem in EM gravity
[4,5] and in the prior attitude to the staticity problem in EMAD gravity [51].
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